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SUMMARY
This paper concerns the presentation and analysis of a type
of three translational degrees of freedom (DoFs) parallel
cube-manipulator. The parallel manipulators are the topology architectures of the DELTA robot and Tsai’s
manipulator, respectively, which have three translational
DoFs. In the design, the three actuators are arranged
according to the Cartesian coordinate system, which means
that the actuating directions are normal to each other, and
the joints connecting to the moving platform are located on
three sides of a cube, for such reason we call this type of
manipulator the parallel cube-manipulator. The kinematics
problems, singularity, workspace, compliance characteristic
of the manipulator are investigated in the paper. The
analysis results show that the manipulators have the
advantages of no singularities in the workspace, relatively
more simple forward kinematics, and existence of a
compliance center. The parallel cube-manipulator can be
applied to the fields of micro-motion manipulators, remote
center compliance (RCC) devices, assembly, and so on.
KEYWORDS: Parallel manipulators; Singular configurations;
Compliance; Kinematics; Workspace.

1. INTRODUCTION
After a motion simulator with parallel kinematics chains
was introduced in 1965,1 parallel manipulators received
more and more attention because of high stiffness, high
speed, high accuracy, compact and high carrying capability.
And more and more parallel manipulators with specified
number and type of degrees of freedom (DoFs) have been
proposed. Behi2 described a 6-DoF configuration with three
legs where each leg consists of a PRPS chain. Hudgens and
Tesar3 investigated a device with six inextensible legs where
each leg is driven by a four-bar mechanism mounted on the
base. Romiti and Sorli4 introduced a 6-DoF parallel
manipulator named TuPaMan with three legs, each of which
is composed of a double parallelogram, one sliding joint, the
connecting bar, and a ball joint. Austad5 mentioned a hybrid
architecture with 5 DoFs based on two parallel mechanisms.
Pierrot and Company6 presented a new family of parallel
manipulators with 4 DoFs, which are 3 translations and 1
rotation. Kim and his colleague7 proposed a 6-DoF parallel
mechanism named Eclipse-II, which has the advantage of
enabling continuous 360-degree spinning of the platform
* Corresponding author: xinjunl@yahoo.com

based on redundant actuators. And Liu et al.8 proposed a
spatial parallel manipulator with two translational DoFs and
one rotational DoF, which has high mobility. They have
been applied widely to the fields of motion simulator, force/
torque sensor, packaging, micro-motion manipulators,
medical devices, compliance devices and machine tools. In
these designs, parallel manipulators with three translational
degrees of freedom have been playing important roles in the
industrial applications,9–11 especially, the DELTA robot,9
which is covered by a family of 36 patents.12
Generally, most of these manipulators suffer from both
singular configurations within the workspace and multiple
solutions of the direct geometric model. The objective of the
paper is to design a three translational DoFs parallel
manipulator which avoids these drawbacks and which can
be well adapted to the applications of micromotion
manipulators, remote center compliance (RCC) devices, and
precision assembly machines. In the design, the three
actuators are arranged according to the Cartesian coordinate
system, which means that the actuating directions are
normal to each other, and the joints connecting to the
moving platform are located on three planes being perpendicular to each other too; hence, we call this type of
manipulator a parallel cube-manipulator. The kinematics
problems, singularity, workspace and compliance characteristics of the manipulator are investigated in the paper. The
kinematics analysis of the manipulator shows that the
solution for the inverse and forward kinematics is unique for
the reason of interference. The manipulators have the
advantages of high compactness and stiffness, no singularities in the workspace, relatively more simple forward
kinematics, and existence of a compliance center. Other
advantages of this type of parallel manipulator will be
investigated in the future work.
2. PROPOSAL OF THE PARALLEL CUBEMANIPULATOR
In the field of parallel manipulators, an interesting problem
is to find a method to design a mechanical architecture for
a parallel manipulator being given its number and type of
degree of freedom. After Gough established the basic
principles of a mechanism with a closed-loop kinematics
structure in 1947, many other parallel manipulators with
specified number and type of degrees of freedom have also
been proposed. Fig. 1 is the general architecture of 6-DoF
parallel manipulators. Theoretically speaking, the arrangement of the six legs of the manipulator could be at will,
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Fig. 4. The Pierrot’s manipulator.
Fig. 1. A general 6-DoF parallel manipulator.

which will lead to some potential 6-DoF parallel manipulators, such as a manipulator as shown in Fig. 2, where the
legs are arranged as 3-2-1 style. This architecture has the
application advantage in micro system.13 The arrangement
disposal of six legs, as shown in Fig. 3, will make the
manipulator move freely along a specified direction, which
is very useful for the application in industry.14
Letting every two legs of the six legs of the manipulator,
as shown in Fig. 1 be parallel to each other will lead to a
6-DoF parallel manipulator similar to that with revolute
lactuators presented by Pierrot shown in Fig. 4.15 The
number of DoFs of the manipulator will be different if
inputs of the two parallel legs are identical. This is actually
a topology mechanism of the DELTA with linear actuators.
Similarly, the manipulator shown in Fig. 4 can also be
evolved into the DELTA robot. The fact that the outputs of
two nearby revolute actuators in Fig. 4 are always same to
each other will result in the different output of the moving
platform. Actually, this is the design of the well-known
DELTA robot, as shown in Fig. 5.
Apart from the DELTA robot, there are also many other
parallel manipulators with three DoFs. For example, the

spatial 3-DoF 3-RPS parallel manipulator presented by
Hunt in the early of 80’s.16 The output of the manipulator is
the complex motion, which are one translation and two
rotations with continuously changed axes.17 For such
reason, the manipulator has less good applications except
for the micro-motion device.18 The similar manipulator
includes CaPaMan in Italy,19 which has complex DoFs as
well. When we consider three translational parallel manipulators, Tsai’s parallel manipulator11 is worth mentioning.
Although Tsai’s manipulator has translations identical with
that of DELTA, this manipulator is not the version of
DELTA. Tsai’s manipulator is the first design to solve the
problem of UU chain. There is also another 3 translational
DoFs parallel manipulator, Star, which is designed by Hervé
based on group theory.10 Such a kind of parallel manipulator
has wide applications in industrial world, e.g. pick-andplace application, parallel kinematics machines, and
medical devices.12 In the family of spatial 3-DoF parallel
manipulators, the manipulators with three rotational DoFs
received much more attention.20–23 They have been applied
to the fields of camera-orienting and haptic devices.24,25
Another type of 3-DoF parallel manipulator is that the
moving platform is connected to the base through four legs.
For such a mechanism, it usually consists of 3 identical
actuated legs with 6 DoFs and one passive leg with 3 DoFs
connecting the platform and the base, i.e. the degree of
freedom of the mechanism is dependent on the passive leg’s
degree of freedom. One can improve the rigidity of this type
of mechanism through optimization of the link rigidities to
reach a maximal global stiffness and precision.26 This type
of mechanism has been applied to the design of a hybrid
machine tool.27 There are few 3-DoF fully parallel manipulators that can combine the spatial rotational and
translational DoFs and be further with definite motion
(being opposite to the complex motion) except for that of
HALF with three non-identical legs.8 All these spatial

Fig. 2. The manipulator with 3-2-1 arrangement.

Fig. 3. The Hexaglide manipulator.

Fig. 5. The DELTA robot.
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Fig. 6. The three translational DoFs parallel cube-manipulators.

parallel mechanisms have some disadvantages in common,
i.e. singularity existing in the workspace, more complex
forward kinematics problem, and no compliance center,
which are very important for some applications. This paper
attempts to present a three translational DoFs parallel
manipulator which avoids these drawbacks.
The supposed design conceives for the above-mentioned
manipulators can not only make us to understand the
manipulators easily, but provide us new conceive to design
a manipulator as well. For example, the 6-DoF parallel
manipulators described in references [28,29] can be taken as
the topology architectures of the manipulator shown in
Fig. 1 by rearranging the six legs. This inspires us to design
new parallel manipulators by rearranging the three legs of
DELTA9 and Tsai’s parallel manipulator,11 which are shown
in Fig. 6. In Fig. 6(a), the moving platform is connected to
the base by three legs with PRPS chains, where PS stands for
the spatial four-bar parallelogram with four spherical joints,
P prismatic joint and R revolute joint. In the design of
Fig. 6(b), the three legs are with PRPRR chains, where PR
denotes the planar four-bar parallelogram with four revolute
joints. In those two designs, the three actuators are arranged
according to the Cartesian coordinate system, which means
that the actuating directions are normal to each other. And
the joints connecting to the moving platform are located in
three sides of a cube, for such reason we call this type of
manipulator the parallel cube-manipulator. The manipulators also have three translational DoFs as in the cases of
DELTA robot and Tsai’s manipulator. But, they have some
important characteristics being different from that of
DELTA robot and Tsai’s manipulator, which makes the new
designs novel.
3. KINEMATICS PROBLEMS
A kinematics model of such parallel cube-manipulators can
be developed as shown in Fig. 7. The center of the link in
each of the three legs connected to the base by prismatic

joints is denoted as Bi (i = 1, 2, 3). And the center of the
interval between the two spherical joints connecting the
moving platform for each chain is denoted as Pi (i = 1, 2, 3),
which is in one of three sides of the cubic moving platform,
respectively. Bi and Pi are the centers of the revolute joints
in each leg for the design of Fig. 6(b). A fixed global
reference system  : o  xyz is located at the intersection
point of three axes of actuated prismatic joints with the zaxis and the y-axis directed along the first and third
actuation directions, respectively, as shown in Fig. 7.
Another reference system  : o  xyz is located at the
center of the cubic moving platform. The z-axis and y-axis
directed along P1o and P3o, respectively, as shown in
Fig. 7. Related geometric parameters are oPi = r and
BiPi = L, where i = 1, 2, 3.

Fig. 7. A kinematics model of the parallel cube-manipulators.
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3.1. Inverse kinematics problem
The objective of the inverse kinematics is to find the inputs
of the manipulator with the given position of reference point
o. The position vector c of point o in frame  can be
written as

among x, y and z is with one degree. This allows us to
express the two of three variables x, y and z with the third
one very easily, e.g. x and y can be described as the function
of z, that is

(1)

x=

(12)

As shown in Fig. 7, The coordinate of the point Pi in the
frame  can be described by the vector Pi (i = 1, 2, 3),
which can be expressed as

( + r)2 2 + r
1 + r
z 1
+
2 + r
2(2 + r)
2

y=

1 + r
( + r)2 3 + r
z 1
+
3 + r
2(3 + r)
2

(13)

c = [x

0
p1 = 0 ,
r

z]T

y

r
p2 = 0 ,
0

0
p3 =  r
0

(2)

Then vectors pi (i = 1, 2, 3) in frame O  xyz can be written
as
pi = pi + c ,

Substituting Eqs. (12) and (13) to Eq. (6) and rearranging it
will lead to

(3)

x2
b2 = 0 ,
0

0
b3 = y3
0

z=

i = 1, 2, 3

 b ± b2  4ac
2a

(15)

in which
(4)
a=1+

where z1, x2 and y3 are the inputs of the manipulator, which
will be denoted as 1, 2 and 3 respectively. Then the
inverse kinematics of the parallel cube-manipulator can be
solved by writing following constraint equation
 pi  bi = L,

(14)

Then there is

As shown in Fig. 7, vector bi (i = 1, 2, 3) is defined as the
position vector of point Bi in frame , and
0
b1 = 0 ,
z1

az2 + bz + c = 0

  
1 + r
2 + r

2

+

1 + r
3 + r

2



b =  (1 + r)3

(5)

that is
x2 + y2 + (z  1  r)2 = L2

(6)

2

(x  2  r) + y + z = L

(7)

x2 + (y  3  r)2 + z2 = L2

(8)

2

2

2

from which, if the position of the moving platform is
specified, the inputs of the manipulator can be obtained as
1 = ± L2  x2  y2 + z  r

(9)

2 = ± L  z  y + x  r

(10)

3 = ± L2  x2  z2 + y  r

(11)

2

2

2

from which one can see that there are eight inverse
kinematics solutions for the manipulator. To get the inverse
configuration as shown in Fig. 7, the sign “ ± ” in each of the
Eqs. (9)–(11) should be “–”. Actually, any other assembly
modes except for the one as shown in Fig. 7 will
undoubtedly result in the interference between the moving
platform and the legs. Therefore, the cube-manipulator can
only be assembled as the configuration shown in Fig. 7,
which means that there is only one inverse kinematics
solution for the manipulator.
3.2. Forward kinematics problem
From Eqs. (6)–(8), we can see that, in each equation, the
maximum degree of the polynomial is two, the coeffcient of
which is 1, and, what is more, there is only one variable

c=



1
1
2+
(2 + r) (3 + r)2

(2 + r)2 (3 + r)2 (1 + r)4
+
+
4
4
4





1
1
 L2
+
(2 + r)2 (3 + r)2

x and y will be reached substituting Eq. (15) to Eqs. (12) and
(13), respectively, if inputs 1, 2 and 3 are given. And from
Eqs. (12), (13) and (15) one can see that there are only two
forward kinematics solutions for the manipulator. To obtain
the foward configuration as shown in Fig. 7, the sign “ ± ” in
the Eq. (15) should be “ + ”. The second forward kinematics
solution, in which the sign “ ± ” in the Eq. (15) is “–”, will
lead to the interference between the moving platform and
legs. Comparing the forward kinematics problem with the
result of a DELTA robot with linear actuators described in
references [30,31], it is not difficult to find that the problem
of the cube-manipulator studied in this paper is relatively
more simple.
4. VELOCITY EQUATIONS AND JACOBIAN
MATRIX
Equations (6)–(8) can be differentiated with respect to time
to obtain the velocity equations, which leads to
(x  2  r)ẋ + yẏ + zż = (x  2  r)˙ 2
xẋ + (y  3  r)ẏ + zż = (y  3  r)˙ 3
xẋ + yẏ + (z  1  r)ż = (z  1  r)˙ 1
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Rearranging above three equations leads to an equation of
the form
A˙ = Bṗ

(16)

where ṗ is the vector of output velocities defined as
ṗ = [ẋ

ẏ

ż]

T

(17)

and ˙ is the vector of input velocities defined as

˙ = [˙ 2 ˙ 3 ˙ 1]T

(18)

Matrices A and B are, respectively, the 3  3 inverse and
forward Jacobian matrices of the manipulator and can be
expressed as
A = diag(a11, a22, a23)

(19)

z
a11 y
B = x a22 z
x
y a33

(20)

with a11 = x  2  r, a22 = y  3  r and a33 = z  1  r. And
if the matrix A is nonsingular, Eq. (16) can be rewritten as

˙ = Jṗ

(21)

where J is the Jacobian matrix of the manipulator,
1
J = A B = x/a22
x/a33
1

y/a11 z/a11
1
z/a22
y/a33
1

(22)

5. SINGULARITIES
Singularities are particular configurations where the manipulator becomes uncontrollable. As it is well known, there
are three kinds of singularities in multi-loop kinematics
mechanisms,32,33 which are determined by the analysis of
inverse and forward Jacobian matrices A and B:
(i) The first kind of singularity occurs when A becomes
singular but B is invertible, i.e.
det(A) = 0

and

det(B) ≠ 0

(23)

This kind of singularity corresponds to the configuration in which the chain reaches either a boundary of its
workspace or an internal boundary limiting different
subregions of the workspace where the number of
branches is not the same.
(ii) The second kind of singularity, occurring only in
closed kinematics chains, arises when B becomes
singular but A is invertible, i.e. when
det(A) ≠ 0

and det(B) = 0

(24)

which corresponds to the singularity being located
inside the workspace of the manipulator. In such
configuration, the output link is locally movable even
when all the actuated joints are locked, and the output
link cannot resist one or more forces or moments even
when all actuators are locked.
(iii) The third kind of singularity occurs when both A and B
become simultaneously singular. This singularity is of
a slightly difference from the first two since it is not

only configuration- but architecture-dependent as
well.32 This corresponds to configurations in which the
chain can undergo finite motions when its actuators are
locked.
From Eqs. (19) and (20), one can see that the first kind of
singularity will occur if any one of the three points Bi is
located in the plane deterrnined by the side of the cubic
moving platform where Pi is located. In this condition, the
parallelogram will also reach its singular configuration. But
the manipulator cannot reach these configurations owing to
mechanical limitations, which means that there is no such
singularity within the workspace of a parallel cubemanipulator. It is more important that the second kind of
singularity will not occur in the case of the parallel cubemanipulator and only L = 0 will lead to the third kind of
singularity. All in all, the parallel cube-manipulator has no
singularities practically.
6. WORKSPACE ANALYSIS
Workspace is an important index to evaluate the working
performance of a manipulator. How to determine the
workspace is one of the most important issues in the design
of a manipulator, especially for a parallel manipulator which
is well known to have relatively small useful workspace.
Therefore, the geometric determination of the workspace
for a parallel manipulator attracts more and more researcher’s attention.34–36 The workspace of translational parallel
manipulators has been studied by many researchers.30,37–39 In
general, it can always be determined geometrically for such
manipulators, which is also same to the parallel cubemanipulators considered in this paper.
From Eqs. (6)–(8), one can see that if the inputs of the
cube-manipulator are given, workspaces of the three legs
are three spheres, which are centered at points (0, 0, 1 + r),
(2 + r, 0, 0) and (0, 3 + r, 0), respectively. The radius of
each of the three spheres is L. If the inputs i are specified
as
i[min, max]

(25)

the workspace of each of the three legs of the cubemanipulator is then the enveloping solid of a sphere whose
center is moving along a line between two points Ci and Di,
where Ci(0, 0, min + r) and D1(0, 0, max + r) are for the first
leg, C2(min + r, 0, 0) and D2(max + r, 0, 0) for the second leg,
and C3(0, min + r, 0) and D3(0, max + r, 0) the third leg. And
the workspace of the cube-manipulator is, then, the
intersection of the three enveloping solids.
For example, the workspace of a cube-manipulator with
the geometric parameters r = 260, L = 1000, max = –774 and
min = –1746 ( | max  min | = 972) is shown in Fig. 8, the
volume of which is 940022941.13, which can be obtained
easily on the AutoCAD R14 platform.
7. STIFFNESS MATRIX AND COMPLIANCE
STUDY
By virtue of what is called the duality of kinematic and
static,40 the forces and moments applied at the moving
platform under static conditions are related to the forces or
moments required at the actuators to maintain the equilib-
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must have configurations where the stiffness matrix K
should be a diagonal matrix. Physically, at the compliance
point, the deformation of the device due to external force or
torque should occur only along the direction of applied
external force or torque.
For the parallel cube-manipulator considered in this
paper, in the particular position where x = y = z = 0, Jacobian
matrix J becomes an identity matrix, which leads K to be
kp1 0
0
K = Kp = 0 kp2 0
0
0 kp3

Fig. 8. The workspace of a three translational DoFs parallel cubemanipulator.

rium by the transpose of the Jacobian matrix J. We can
write
 = J Tf

(26)

where f is the vector of actuator forces or torques, and  is
the generalized vector of Cartesian forces and torques at the
moving platform.
In the joint coordinate space, a diagonal stiffness matrix
Kp is defined to express the relationship between the
actuator force or torques f and the joint displacement vector
q according to
f = Kp q

(27)

with
0
kp1 0
Kp = 0 kp2 0
(28)
0
0 kp3
in which kpi is a scalar representing the stiffness of each of
the actuators.
In the operational coordinate space, we define a stiffness
matrix K which relates the external force vector  to the
output displacement vector D of the moving platform
according to

 = KD

(29)

The Eq. (21) can also describe the relationship between the
joint displacement vector q and output displacement
vector D, i.e.
q = JD

(30)

From Eqs. (26), (27) and (30), we get
 = J TKp JD

(31)

Thus, the stiffness matrix K is expressed as
K = J TKp J

(32)

Compliance is defined as the ability of a manipulator to
react to external forces. This characteristic is very important
for a mechanism intended to be as a remote center
compliance (RCC) device or perform assembly tasks.28,41
For a mechanism to have a compliance characteristic, it

which is a diagonal matrix. Then, in position x = y = z = 0, the
manipulator has the compliance characteristic. Particularly,
when kp1 = kp2 = kp3, the parallel manipulator behaves like a
both velocity and stiffness isotropic setup.
8. APPLICATION EXAMPLE
From above analysis, one can reach the results that the
inverse and forward kinematics problems can be described
in closed forms and can be solved more easily, and,
especially, each of the solutions of which is unique.
Practically, there is no singularity in the workspace.
Moreover, one of the most important results is that there
exists a compliance center in the workspace, which is the
position where x = y = z = 0. At this point, the parallel cubemanipulator behaves like a both velocity and stiffness
isotropic setup.
These characteristics make the parallel cube-manipulator
be well adapted to the applications of micro-motion
manipulators18,42 remote center compliance (RCC)
devices,41 precision assembly machines,28 parallel kinematics machines,43 and so on. To be applied to the parallel
kinematics machine, the system’s stiffness is one of the
most important problems. The advantage of the presented
parallel manipulators is that the stiffness can be improved
by increasing the redundant constraints, e.g. the architectures as shown in Fig. 9. In Fig. 9(a), the design is the
revised version of that in Fig. 6(a), where there are three
spherical-bar-spherical chains instead of two such chains in
each leg. In Fig. 9(b), the parallelogram in Fig. 6(b) is
divided into two or more parallelograms for each leg. The
kinematics model of each of the mechanisms is identical
with that of each of manipulators shown in Fig. 6. What is
more, the revision has no any negative influence on the
kinematics, workspace, and other performances of the
manipulator. Needless to say, the more the redundant
constraint the leg has, the higher the stiffness the manipulator will get, and, in relative terms, the higher the fabricate
accuracy it needs. The manipulator mechanisms can be
designed as three-axis parallel kinematics machines or fiveaxis hybrid machines with a two-axis wrist joint attached to
the moving platform. Because the mechanisms have more
simple forward kinematics problem with closed forms, the
calibration of the machines based on forward kinematics
will be more easy.
As another example, Fig. 10 shows the application in
micro-motion manipulators, in which all joints are replaced
by flexure joints, which are transmission elements free
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Fig. 9. The parallel cube-manipulators with redundant constraints.

without backlash, friction and hysteresis,44 and the actuators
are replaced by piezo actuators. Because the micro-motion
manipulator is based on the architecture of the parallel
manipulator, the analysis method of a parallel manipulator
can be directly advanced to that of a micro-motion
manipulator, as it presented in reference [18]. The design
theory is also adapted to such kind of device, e.g. the
method proposed by Liu42 to the design of a six-DoF micromotion manipulator. Generally, the design of such devices is
usually a process to determine the geometric parameters
based on some performance criteria, such as workspace,
dexterity and stiffness. From above analysis, one can see
that the involved geometric parameters of the manipulator
are r and L, which, as well known, will have close influence
on the workspace and the performance of the manipulator. A
micro-motion manipulator usually has very small workspace, for which one can select one point, usually the
original point with x = y = z = 0, to evaluate the performance,
e.g. the conditioning index, of such device.42 The conditioning index  is defined as the reciprocal of the condition
number of Jacobian matrix J, that is
 = 1/

(33)

where is the condition number of the Jacobian matrix, and
=  J  1   J , in which  ·  denotes the any norm of a
matrix. The index  is an all-around index that it can
evaluate not only the dexterity, isotropy, but the static
stiffness of the mechanism as well.21,38 Substituting
x = y = z = 0 to Eq. (22) leads to
1 0 0
J0 = 0 1 0
0 0 1

(34)

which results in  = 1. This means that the micro-motion
manipulator is characterized by stiffness and velocity
isotropy. What is more, this gives us an important
information that, to design such kind of micro-motion
manipulator, only the workspace can be considered, geometric parameters r and L have no influence on other
kinematics performances, which mostly simplifies the
design process of the micro-motion manipulator. As it
shows in Section 6, to determine r and L with respect to a
desired workspace is very easy, because the workspace can
be obtained geometrically. Therefore, for the application in
the field of the micro-motion manipulator, the device has the

Fig. 10. Micro-motion manipulators based on the parallel cube-manipulators.
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advantages of compliance, stiffness and velocity isotropy,
and simple design process.
9. CONCLUSIONS
In this paper, a kind of three translational DoFs parallel
cube-manipulator is presented. The manipulators, with
normal actuation setups, are the topologies of DELTA robot
and Tsai’s manipulator, respectively. The kinematics problems, singularity, workspace, compliance characteristic of
the manipulator are investigated here. The kinematics
analysis of the manipulator shows that the solution for the
inverse and forward kinematics is unique for the reason of
avoiding interference. The manipulators have the advantages of high compactness and stiffness, no singularities in
the workspace, relatively more simple forward kinematics,
and existence of a compliance center x = y = z = 0. And the
parallel cube-manipulator can be applied to the fields of
micro-motion manipulators, remote center compliance
(RCC) devices, assembly, parallel kinematics machines, and
so on. Other advantages of this type of parallel manipulator
will be investigated in the future work.
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